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Quantumgroupsplaytheroleofsymmetriesof integrabletheoriesin two dimensions.They
maybedetectedon theclassicallevel asPoisson—Liesymmetriesof the correspondingphase
spaces.We discussspecifically the Wess—Zumino—Wittenconformally invariantquantum
field model combiningtwo chiral partswhich describethe left- and right-moving degrees
of freedom.On onehand, the quantumgroupplaysthe roleof the symmetryof the chiral
componentsof the theory. On the other hand,the model admits a lattice regularization
(in Minkowski space)in which the currentalgebrasymmetryof the theoryalso becomes
quantum,providing the simplestexampleof a quantumgroupsymmetry coupling space—
time andinternaldegreesoffreedom.We developafreefield approachto therepresentation
theoryofthelatticesI (2)-basedcurrentalgebraandshowhow to useit to rigorouslyconstruct
anexactsolution of the quantumSL(2) WZW model on lattice.
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1. Introduction

The relationsto two-dimensionalquantumfield theoriesandintegrablelat-
tice modelshavebeenatthe origin of quantumgroups [1,21,objectsabstracted
from theremarkablepropertiesof exactlysolubletwo-dimensionalsystems.The
languageofquantumgroups,asthatof thestandardgroups,hasbecomeaconve-
nient tool to describesymmetrypropertiesof physicalsystems.Quantumgroups
areone-parameterdeformationsof classicalLie groupsor, if weidentify thede-
formationparameterwith h, theirquantization.A morerewardingpointof view
is howeverthe one in which, on the classicallevel, we retain the information
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aboutthe infinitesimal directionofthe deformation.We obtain then the notion
of a Poisson—Lie(PL) group,i.e. a Lie groupwith a compatiblePoissonbracket
onit [3,41.

The standardsymmetriesof classicalsystemsaredescribedby the actionof

the symmetrygroupelementson the phasespaceof the systemin a way which
preservesthe Poissonbracketsof physicalquantities.Theinfinitesimal version
of the actionof continuoussymmetrygroupson physicalquantitiesmay thenbe
generatedby Poissonbracketswith hamiltonianswhosecollection goesunder
the nameof a momentmap [51.Giving the momentmap is an alternativeway
to describethe classicalsymmetry.

PL groupsleadto a generalizationof the conceptof classicalsymmetry.One
requiresthat not the individual symmetrytransformationsbut the actionof the
groupviewedas a transformationfromphasespacexgroup intophasespacepre-

servesPoissonbrackets.Thenotionof amomentmap maybegeneralizedto the
caseof PL symmetries:the infinitesimal transformationsof physicalquantities
arestill generatedby Poissonbrackets,this time with a non-linearcollectionof
hamiltonians(in terminologyadvocatedin ref. [6]).

Whenquantizinga classicalsystemwith standardsymmetries,one often at-
temptsto preservethesymmetries,i.e. to get the actionof the samesymmetry
groupsin the quantumspaceof statesin sucha way that the interestingfamilies

of observablestransformin a simpleway mimicking their classicalcovariance
properties(this is notalwayspossible).Whenquantizinga classicalsystemwith

a PL symmetry,it is naturalto demandanactionof thecorrespondingquantum
groupin the spaceof states.Thecovariancepropertiesof the interestingobserv-
ablesshouldthenreduceto theclassicalexpressionsin order0 (It). Thetheoryof
PL symmetriesbecomesin this way veryuseful asthe meansto detectquantum
groupsymmetriesof quantummechanicalor quantumfield-theoreticalmodels.

Thepresentsetof lecturesis designedasanillustrativeintroductionto the sub-
ject of Poisson—Lieandquantumgroupsymmetries.We start by a presentation
of the elementsof the theoryof PL groups (section2),which may befound in
numerousoriginal andreviewpapers,see,e.g., [1,3,4,7—9,61. The main bodyof
the expositiondiscussesan applicationof thoseconceptsto the Wess—Zumino—
Witten (WZW) model of conformal field theory. In section3 we describethe
canonicalformalism of the classicalWZW theory following the approachof
ref. [101, seealso refs. [11—15].Specialemphasisis laid on the detailsof how
the degreesof freedomof the model separateinto the left- and right-movers.
We show that, besidesthe standardconformal (Virasoro) and loop group (or
current algebra)symmetries,the chiral part of the classicaltheory possesesa
finite-dimensionalPL symmetry.In section4, we demonstratehow thelast two
symmetriesmaybeseparatedby decomposingthechiral phasespaceof theWZW
model.This decompositionis the classicalcounterpartof the vertex—IRFtrans-
formationwell known from the theoryof lattice integrablesystems[161 orfrom
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theanalysisof thequantumWZWtheory [17]. Theioopgrouppart of thechiral
phasespaceis essentiallya union ofcoadjointorbitsof the infinite-dimensional
Kac—Moodygroup centrallyextendingthe loop group. Similarly, the Poisson—
Lie part is composedof PL deformationsof the coadjointorbitsfor the finite-
dimensionalPL group. Under quantization,they give spaces,respectively,of
irreduciblerepresentationsof the Kac—Moodyalgebraandthe (Drinfeld—Jimbo
[1,2]) quantumgroup. Thespaceof quantumstatesof the chiral WZW theory
combinesboth. In section5, wedescribeafree-fieldrealizationof theloopgroup
partof thechiral WZW phasespacefor thesimplestcaseof thegroupSL(2), see
alsoref. [14]. The free fields provide Darbouxcoordinateson the phasespace
anda convenientstartingpoint for the Wakimoto—Bernard—Felderapproachto
therepresentationtheoryofthe sl(2)-basedKac—Moodyalgebra.Thisapproach
realizesthe irreduciblerepresentationsof the latter in a cohomology of Fock
spaces.

As mostquantumtheories,the WZW modelrequiresa (field strength)renor-
malization.This complicatesthe rigorousconstructionof the theory,which in-
volvesfine andinterestingmathematicalpointsfar from beingcompletelyclari-
fied (mostmembersoftheconformalphysicscommunityareprobablynotaware
of this stateof affairs). It is theninterestingto realizethat the modelpossesses
a lattice regularizationwhich essentiallypreservesthe continuumsymmetries
of the theories.For the relatedLiouville andTodatheoriessuchregularizations
wherediscussedin refs. [18—22].For the WZW theory,thelatticeregularization
maybebasedon theconceptof thelatticeKac—Moodyalgebradevelopedina se-
riesof papersof theLeningrad—St.Petersburggroup [23—25],seealsoref. [26].
Theregularizationmaybeintroducedalreadyon theclassicallevel in suchaway
thatthe theorystill separatesinto theleft- andright-movingsectorsandthatthe
loop group symmetryof the continuum theory becomesa local Poisson—Lie
symmetry,as describedin section 6. The classicalvertex—IRF transformation
permits one to separatefurther the degreesof freedomcarryingthe local and
global PL symmetries.In the quantumtheory,the momentmapof the local PL
symmetrybecomesthe St. PetersburglatticeKac—Moodyalgebra.We presentit
(for the simplestsl(2) case)in section7. Oneof its remarkablefeaturesis that
it implies a latticeversionof conformalsymmetryformulatedas an invariance
underablock spin type renormalizationgroup! In fact the lattice Kac—Moody
algebrarealizesthe simplestcouplingof the quantumgroupsto the space—time
degreesof freedomandmight bethoughtof as an elementarysteptowardsem-
ployingquantumgroupsasspace—timesymmetries.The quantumspaceof states
correspondingto the latticeKac—Moodyalgebramaybebuilt from specialrep-
resentationsof the latterobtainedby a deformationof the free-fieldapproacha
la Wakimoto—Bernard—Felder.This is describedin sections8 to 10 containing
original material,seealsoref. [27]. In the simplestcaseof onelatticesite, the
latticeKac—Moodyalgebrareducesto the (Drinfeld—Jimbo) quantumgroup. As
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a result,by specialization,the free-field constructionof representationsof the
lattice Kac—Moody algebraprovidesalsoa possibleapproachto the representa-
tion theoryof the quantumgroup. We provide its details in section 11, which
may be readindependentlyand/orprior to sections8 to 10. Finally, in section

12, we combinethe spacesof statesof lattice Kac—Moody andquantumgroup
degreesof freedomandshowhow dressingof the first with thesecondallowsone
to obtain field operatorswith braidinggiven by the quantumSL(2) R-matrices
in the fundamentalrepresentation.This providesa lattice realizationof the idea
spelledout in ref. [17].

As discussedin refs. [28—30j, the continuumchiral WZW model is closely
relatedto the three-dimensionaltopological Chern—Simonsgaugetheory: it es-
sentially describesthe Schrödingerpicture of the latter. The main feature of
the representationtheoryof the Kac—Moody algebraswhich underliesthe rela-
tion betweenthe WZW and the Chern—Simonsmodelsis the existenceof the
specialtensorproductof representationsof Kac—Moodyalgebrascalled fusion.
Therearemany indicationsthat thereshouldexist a lattice regularizationof the
Chern—Simonsmodel,a type of quantumgroupgaugetheory which is still topo-
logical (invariant underlattice subdivisions).In fact, the expectationvaluesof
the Chern—Simonstheory (giving three-manifoldandknot invariants)may be

computedas lattice statisticalsumsinvolving quantumgroup objects [31,321.
Weexpectthat the chiral latticeWZW theorydescribedin theselecturesmaybe
apossiblesteptowardsa latticeChern—Simonstopologicalquantumgroupgauge
theory.The mainmissingstepseemsto bethelatticefusionoperation,which, up
to now, we haveundercompletecontrol only if oneof the fusedrepresentations
correspondsto the lattice with a singlepoint.

Anotheropen problem,equally interesting,is to find a lattice version of the
cosetconstructionwhich, in continuum,allows one to producea multitude of
conformal field theoriesfrom theWZW one. In particular,the lattice versionof
the Drinfeld—Sokolov reductionshouldreproducethe lattice versions [19—22]
of Todatheories.

2. Poisson—Liesymmetry

2.1. POISSONMANIFOLDS

Oneof theessentialconceptsof classicalphysicsis thatof thePoissonbracket
of physical quantities. Mathematically, one considersmanifolds M with a
(smooth) field of two-vectorsH(= ~~1TI

11D/0x’ A 0/Ox’ in local coordi-
nates)s.t. the Poissonbracketof functionsf, g on M given by the contraction
of H with the two-form df A dg:

{f,g} = ~H,dfAdg) (2.1)
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satisfiesthe Jacobiidentity

{{f,g},h} + {{g,h},f} + {{h,f},g} = 0. (2.2)

H is thencalleda Poissonstructureon M. M togetherwith the Poissonbracket
is calleda Poissonmanifold.Thereare two extremecasesof Poissonstructures:
H 0 and H non-degenerate,i.e., det(H”) = 0. In the latter case,where
necessarilyM is evendimensional,H inducesa symplecticform Q on M equal
locally to >,, (H1)

11dx’ A dx’. On symplecticmanifolds,the only functions
which Poissoncommute with all others are constants.In general,M may be
foliated into (maximalconnected)manifolds,calledsymplecticleaves,on which
eachfunction on M Poissoncommutingwith theothersis constantandon which

the Poissonstructureinducesa symplecticform. If H 0, the symplecticleaves
are the pointsof M.

For two Poissonmanifolds (M1,H1), i = 1,2, /1~+ H2 definesa Poisson
structureon M1 x M2. 1ff,, gj are functionson M1, then

{fif2,g1g2} = {fi,gi}f2g2 + f1g1{f2,g2}. (2.3)
A smoothmapP: M1 —* M2 is calledPoissonif on P(M1)

P~H1= 112, (2.4)

whereF,. denotesthe tangentmap. Then, for functionsf, g on M2,
{p*fp*g} = P~{fg} (2.5)

2.2. POISSON-LIEGROUPSAND LIE BIALGEBRAS

Crossbreedingof the conceptsof a Poissonmanifold andof a Lie grouphas
led to thenotionof a Poisson—Lie(PL) group [3,4]. This is a Lie groupsupplied
with a Poissonstructuresuch that the groupmultiplication map

m:GxG-+G (2.6)

is Poisson.Below, weshallwork in thecomplexcategory,unlessotherwisestated.
On the infinitesimal level, oneobtainsfrom the Poissonstructureof G the Lie
algebrabracket~ on the dual space~7~kto the Lie algebrag of G:

[df(l),dg(1)]
t = d{f,g}(l) . (2.7)

The fact that the groupmultiplication is a Poissonmap leadsto the following
compatibility conditionbetweenthe Lie bracketsof ç andg*:

* * * * *

K[X, Y], [v,w] ~+(ad~ X,ad~w) — (ad,,,X,ad~v)
— (ad~,Y,ad~w)+ (ad Y~ad~v)= 0. (2.8)

By dualization, [., .1* inducesa map

gAg.
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In termsof c, eq. (2.8) becomesthecocycle condition

c[X, Y] — adx c(Y) + ady c(X) = 0. (2.9)

A pair of finite-dimensionalLie algebras(~,c”) with Lie bracketssatisfying
(2.8) is calleda Lie bialgebra.EachLie bialgebracorrespondsto a uniquecon-

nected,simply connectedPL group. Becauseg andg* entersymmetricallyinto
(2.8), ~ is also a Lie bialgebra,which we shall call dual to ~ The
PL group (G~,{., .}“) correspondingto (~t,~)will be calleddual to (G, {, }).

Thus (connected,simply connected)PL groupscomein dual pairs.
g andg~may be put as Lie subalgebrasinto the double Lie algebrag, equal

to ~ g~as the vectorspace,with the Lie bracket

[X + v,Y + wi [X,Y] + [v,w]~ —ad~u’+ ad~t+ ad~,X—ad~Y.

They form maximal isotropic subspacesof ç~with respectto the ad-invariant
non-degeneratebilinearform

(X + t’, Y + w) (X, w) + (Y,i).

The (simply connected)group G correspondingto ~ is the Drinfeld doubleof

the PLgroup (G,{.,.}). —

Conversely,any Lie algebrag with a non-degeneratead-invariant bilinear
form anda pairof maximal isotropic subalgebras(a Manin triple) gives (apair
of dual) Lie bialgebrasby identifyingoneof the subalgebraswith the dualof the
otherby meansof the bilinear form.

2.3. EXAMPLES OF PL GROUPS

EachLie group may be consideredas a PL group if we take {., } 0. The
correspondingLie bialgebrahas trivial bracket [.,.]~ 0 on c”. The dual PL
group is g* itself viewedasthe additivegroup togetherwith the Poissonbracket

{X,Y}* = [X,Y], (2.10)

where X, Y, [X, YI e c are viewed as linear functions on g*~The symplectic
leavesof g~are the (connectedcomponentsof) coadjointorbits of G. They are
modelsof symplectichomogeneousspacesof G andthey give rise, by quantiza-
tion, to irreduciblerepresentationsof G [33].

An (almost) general exampleof a PL group is provided by the following
construction.Let r = ~ X~,® E A2~.Define a bracketon ~“ by

(X’, [v, ?IJ ]~)= (adx r, V ® u . (2. 11)

The correspondingcocycle c: ~ —~ ~ A ~ is given by

c(X) = adxr, (2.12)
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i.e., is a coboundary.The bracket [~ .]~satisfiesthe Jacobiidentity if andonly
if

adx r123 = 0 (2.13)

for eachX e g, where
1 1 r 1 1 ii

r123 = ~r12,r13j+ 1r12,r231 + ~r13,r23jj E ~,
[r12,r13] = ~ [X,,,Xp] ® Y~,® ~ E ~ etc. (2.14)

‘zfl

Supposethat~ is a (complex)simpleLie algebra,with theKilling form tr and
a basis (t”) normalizedso that trtatb = ~ôab. Any ad-invariantelementof c”

3
is proportionalto F = >1a,b,cfabc

1a ® ® tc where [t”~, 1b] = ~IC f abctc, so that
r123 F or, equivalently,denotingthe proportionalityconstantas — (2ir/k)

2
for laterconvenience,

r~
3 = 0, (2.15)

where
r~ r± (2ir/k)C (2.16)

with thequadraticCasimirC = >~ta ® ía. Condition (2.15) is known as the
classicalYang—Baxter(CYB) equation.A possiblechoicefor r is

r = ~ (2.17)
a>O

where e,,, are the stepgeneratorsof g correspondingto roots ct. We shall referto
the correspondingr~’ as the standardsolutionsof theCYB equation.In the case

of simpleg (and2m/k ~ 0) onemay realizeg* with its Lie bracket (2.11) as
a subalgebraof g ~ g by the embedding

g* ~ (i(v)r~,i(v)r) Ec+c, (2.18)

which is a Lie algebrahomomorphismdue to the CYB equation(2.14). 1 (v ) r~
denotesthe contractionof v with the first componentof r+. For the standard
r-matrix (2.17), oneobtainsin this way the subgroupof b + b~(b’ are the

Borel subgroupsof g) composedof elementswith oppositeCartan subalgebra
components.

The Poissonbracketof the PL group (G, {., .}) Gr correspondingto the Lie
bialgebra(~,g”’) with bracket(2.11)maybedescribedthefollowing way. Let g
denotethematrix of functionson Ggiven by a finite-dimensionalrepresentation
of G. Let g1 = g ® 1, g~= 1 ® g, where 1 is the unit matrix. Thentheformula

{gi,g2} = [g1g2,r]( = [g1g2,r~]), (2.19)

wherer is takenin thesamerepresentation,givesthePoissonbracketof all matrix
elementsof g. Forsimpleg, thedualPL groupG~maybe realizedas asubgroup
of G x G. Forthe standardr-matrixone obtainsthe subgroupof B— x B + (B±
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arethe Borel subgroups)composedof elements(y, y+) = (nt, ~+~I) where
are in the nilpotent subgroupsand t is in the CartansubgroupT of G. The

Poissonbracket {., .}* on G~is given by the formulae

{y~,y~}~= [r,y~y~],

= [r~,y~y~],

= [r,y~yj]. (2.20)

By the map (y~,y~)~y (y~ )‘ = y, Gt coversfinitely manytimesan open
subsetof G (which for the standardr-matrix is alsodense).ThePoissonbracket
{. .}*,

{yi, y2}t = r~y
1y2 — y1r~y2— y2r~y1+ y1y2r, (2.21)

makes the covering map Poisson.(The Poissonbracket {, }“‘, as contrasted

with the one in (2.19), doesnot makeG a PL group). The conjugacyclasses
in G form the symplecticleavesof (G, {, .}*). The connectedcomponentsof
the ~-preimages of the conjugacyclassesform the symplecticleavesof G

t [4],
which in the PL categoryplay a role generalizingthat of the coadjointorbits in
the Lie category.In particular, for standardr-matrix, their quantizationgives
theirreduciblerepresentationsof quantumgroupUq(~)deformingtheuniversal
envelopingalgebraof g.

2.4. MOMENT MAPS

Let (M, {., .}) beaPoissonmanifold.We saythataLie groupG is asymmetry
of M if G acts on M (say, from the right) by transformationspreservingthe
Poissonbracket.If X E ~, it thengeneratesavectorfield X on M. We shallcall
X hamiltonianif thereexistsa function h~s.t.

X(f) = {hx,f} (2.22)

for any smoothfunction f on M. If M is symplecticandsimply connectedthen
h~alwaysexists. If X and Y arehamiltonianthen so is aX + bY and [X, Y]
andwe may take

haX+by = ahx + bh~, (2.23)

h[x,y] = {h~,hy}. (2.24)

Theactionof G iscalledhamiltonianif eachX is hamiltonian.The hamiltonians
h~maybechosenso that (2.23) is satisfied.Thenwe obtaina map

in : 41 —~

s.t. (X,m(.)) = h~.If additionally (2.24) is satisfied,m is a Poissonmap if
weprovideg~with Poissonbracket(2.10). In this casein is calledthemoment
mapfor the actionof G on M [5]. If g is simple, (2.24) mayalwaysbeassured.
In general,onehasto passto a centralextensionof G andg.
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Thenotionofa symmetrymaybenaturallygeneralizedto thePL category.We
shall saythataPL group (G, {., .}) is a PL symmetryof the Poissonmanifold
(M, {., .}) if the map M x G —~ M giving the actionof G on M is Poisson.
If the Poissonbracketon G is trivial, this reducesto the previousnotion of
the symmetry.We shall call a PL symmetry hamiltonianif thereexists a map
in : 1W’ —~ G* s.t.

X(f) = (X,{m,f}m~) (2.25)

for eachsmoothfunction f on M ({m,f}m~ (11, (dm)m’ A df) where
H is the Poissonstructureon M). If M is symplecticandsimply connected,
theneachPL symmetryis hamiltonian [9]. We shall say that in is a moment
map if, additionally,it is a Poissonmap. Its existenceis not guaranteedeven
for hamiltoniansymmetry.In general,in is Poissononly for a modifiedPoisson
structureof G* [9]. Clearly, the moment map allows one to reconstructthe
(infinitesimal) actionof Gon M.

3. ClassicalWess—Zumino—Wittentheory

TheWess—Zumino—Witten(WZW) theoryis anexampleofatwo-dimensional
sigmamodel with fields g (x0,x’) taking values in the groupmanifold G. The
classicalequationsare

= 0, (3.1)

where3~are the derivativeswith respectto the light-conevariables

x±=xl±xO. (3.2)

We shallconsiderthe theoryon the cylinder obtainedby takingx1 modulo 2m.

Thegeneralsolutionsof (3.1) are
g(x°,x’) = gL(x~)gR(x)’, (3.3)

where

gL,R(x~ + 2m) = gL,R(x~)y (3.4)

with monodromyy E G. (gi, g~)and (gLg,gRg)with constantg givethe same
solution.If we introducespaces

PL,R = {gL,R : ~ —~ G gL,R(x + 2ir) = gL,R(x)YL,R},

thenthe phasespaceP of solutionsof (3.1) becomes

P = A/G, (3.5)

whereA is the submanifoldof PL X PR whereYL = YR. PL,R will play the role of
phasespacesfor the left- andright-movingdegreesof freedom.
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Equation (3.1) comesfrom the Lagrangian

S(g) = ~ftr(gb0+g)(gb0g)dx+ Adx

+ ~fd_ tr(g dg)A (3.6)

(k is thecouplingconstant),which inducesthe canonicalPoissonbracketon P:

{g(0,x)1,g(0,y)} = 0,

{g(0,x)1,~°(0,y)2}= —(8ir/k)g(0,x)i C~(x— y), (3.7)

= (8m/k)[C,~°(0,x)1+g’0ig(0,x)1]ö(x—y),

wherec~° g’00g. The correspondingsymplectingform is

Q = ~ftr[_d~°A (g
1dg) + (~°+ g_b0ig)(g~dg)A2](0,x). (3.8)

Rewriting Q in termsof gL,R, we obtain

Q (g) = QL(gL) — QR(gR), (3.9)

where

QL(gL) = ~ftr(g~1dgL)Ao(g~1dgL)

+ ~—trg~ dgL(0) A (dyL)y~ — ~—p(yL), (3.10)

andQR is given by the sameformulawith gp. —~ g~. p is an arbitrarytwo-form
on G. The ambiguity is dueto the fact thatQ is given only on the subsetA of
FL X PR. Since

dQL(gL) = ~tr(ydyL)A3_~dp(yL), (3.11)

and tr(y~1dy)”’3is a closedbut not exact form on (simple) G, QL is never

globally closed.Onemayhoweverchoosesingularp s.t.dp = ~tr(y~dyY~3on
an open (dense)set.It will beconvenientto take

p(y) = tr(y~)1(dy)A (y~)~(dy~) (3.12)

in terms of the decomposition ~ = y~(y+ )1 inducedby a classical r-matrix.

This choice leadsto the following, globally defined,Poissonbracketon PL:

{gL(x)l,gL(y)2} = gL(x)~gL(y)2r~, (3.13)

{gL(x)1,yL2} = gL(x)1y~2r—gL(x)~r~~L2, (3.14)

{?L1’YL2} = r+YLI,yL2 — YLI r+yL2 YL2rYL! + ‘/L1’I’L2r , (3.15)
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wherein (3.13) theuppersignin r~applieswhenx > y andthe lower onewhen
x <y, x — yj <2r. The left-moving phasespacePL equippedwith thePoisson
bracket (3.13)—(3.15)possessesa rich symmetrystructure.

Conformal symmetry.Let Diff~S1denote the group of increasingmapsD
11 s.t. D(x + 2ir) = D(x) + 2n. Diff~S’ is a central extensionby its

subgroup~ of 2ir x integershifts of the groupDiff~S’of orientationpreserving
diffeomorphismsof S1:

0 2m1 Diff~S’ Diff~S’

Diff~S’ actson FL by

~-* g~ o D

preservingthe Poissonbrackets(3.l3)—(3.l5). The momentmap is given by

the energy—momentumtensor

TL(x) = ~ (3.16)

defining, as a quadraticdifferential, an elementdual to Vect(51),i.e.to the
vectorfields on the circle I~/(2irfl which form the Lie algebraof Diff+St. The

Diff~S’ symmetryof .ft anda copy of it for PR give riseto the actionon P of
the group (Diff~S’x Diff~S’)/(2~l) of conformal symmetriesof the cylinder
(thequotientsubgroupis that of the diagonalshifts).

Loop group symmetry.Anothersymmetry of Pi. is given by the action of the
loopgroupLGofsmoothmapsh:I~—’G, h(x + 2m) = h(x),by

gL!,’ h~’g~.

Thisactionis hamiltonianandthe currents

J(x) = (k/27r)gL0g~’dx (3.17)

give the correspondingmap of PL into the spaceL~tdual to the Lie algebra

Lg of LG. Thismap is, however,not Poissondueto the ô’ term in thePoisson
bracket

{J(x)
1,J(y)2} = 2[C,J(x)1]ô(x —y) — (k/m)Cô’(x —y). (3.18)

We may howeverpassto the centralextensionof L~,

0 —# C —“ —~ Lg —~0,

equalto LG ~ C as a vector space,where C is central and

[X,Y](x) = [X(x),Y(x)] + ~ftrX’Y
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for X, Y ~ L~c Lg. ~c is the Kac—Moody algebra.On a global level, one
obtainsthe Kac—MoodygroupLG giving the centralextensionof LG,

1 -~ C~ LG -* LG -~ I.

J + (l/i)k e ~ C ~ Lc” thendefinesthemomentmapfortheLG symmetry
of FL (with the centerof LG actingtrivially). On the completephasespacewe
obtainthe LG x LG symmetry.

Gr Poisson—Liesymmetry.The conformalandloop groupsymmetriesof PL are
the standardones: the actionof groupelementspreservesthe Poissonbracket
on FL. FL possessesalso a Poisson—Liesymmetry given by theactionof G,

(gL,g) gLg,

which becomesaPoissonmapif we considerG as a PL group equippedwith
Poissonbracket(2.19).The monodromymap

F—*

plays essentiallythe role of the momentmap for this action. More exactly, its
local lifts to G~C G x

~ (y,y~)
s.t. y = y(y~)~,satisfy the following relations:

{y~,gL(x)2} = —gL(x)2r~y~

{y~,gL(x)2} = —gL(x)2r~’1

{~, Y2} = [r~, Y21Y~

{Y1,Y2} = [r,?2]y1.

Theseareequivalentto the defining relation (2.25) of the momentmap.

4. Classical vertex—IRF transformation

On the open densesubsetPLO of FL composedof g~ with monodromiesy in
the conjugacyclassesof elementsof the CartansubgroupT C G, we may use
the following parametrization:

gL(x) = h(x)e1txg~~, (4.1)

whereh eLG, r E t (the Cartanalgebra)and go E G. Notice that

= goe
27n1Tg~l. (4.2)

Parametrization(4.1) definesa map from LG x t x G

0 onto P1~.Let Q” C I

denotethe coroot latticeandN(T) the normalizerofT in G. We shall assume
G simply connected.A semi-directproductN(T) ~<Q\~~actson LG x I>< G0 by

(h (x), T, go) ~ (h (x ~ W~ (t — q)w, gow) (4.3)



F. Falceto and K. Gawçdzki/ Lattice Wess—Zumino—Witten modeland quantumgroups 263

for to e N(T), q e Qv Its orbitsdescribeexactlytheambiguityofparametriza-
tion (4.1). In termsof (4.1), the two-form QL of (3.10)becomes

QL(gL) = QLL(h,r) + QL2(g0,r), (4.4)

where
2,t

k I
QLI(h,r) = ~ftr[(h dh)A0(h dh)

+2ii(h~dhY’
2—2idiAh~dh], (4.5)

QL2 (g
0, r) = tr (g~’dgo)A e

2~’~(g~’dgo)e2~”

+ kitrdrAg~dg
0—~p(goe2r~~g~1). (4.6)

QLI andQL2 are closed forms (we could also subtractfrom QLI an arbitrary
closed two-form dependenton r andaddit to QL2). The spaceM~ LG x t
with symplecticform QLI is (a covering) of what is called a model spacefor
the Kac—Moodygroup. Whenrestrictedto fixed i e t, QLI coincideswith the
pullbackto LG of the canonicalsymplecticform on the coadjointorbit

{ h(it)h’ + h0h~ + (l/i)k I he LG} C

‘r, r’ correspondto the samecoadjointorbit if andonly if t’ = to (r + q ) ‘w ~for
q E Q” andto e N(T), i.e., whent andr’ arerelatedby the affine Weyl group.
Thus the coadjointorbits appearin M~ with multiplicity given by the affine
Weyl group. Similarly, MG, G x I plays therole of the (covering)ofthe model
spacefor the PL group Gr with Poissonbracket (2.19). For fixed z E t, QL2

coincideswith the pullbackto Gof the symplecticform on the conjugacyclass

{goe
2n1Tg~ go eG},

which is a symplecticleafof the Poissonstructure(2.21). We recall that the
latter correspondsto that of the dual PL group G~underthe map (y, y~)i~
~ (y+ )~. Again, ‘r andr’ give the sameconjugacyclassif andonly if theyare
relatedby the affine Weyl group. Let ö C M~ x MG, denotethe submanifold
given by equatingthe I coordinates.ThenPLO = 5/N(T) M Q”.As we see,PLO
maybefoliatedby leavesbeingproductsof coadjointorbitsof LG andconjugacy
classesof G correspondingto the samet, eachsuchpair appearingonly once.

For the compactreal form of group G, model spaceM~ maybe quantized
geometrically.The resultingspaceof statesis (if we translatethe original k to
k + h, where h is the dual Coxeternumber, anduse the half-form geometric
quantization)

= ~ ~k,A. (4.7)
integrableA
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7~tk,Ais the spaceof the irreducibleunitary representationof LG of level k and
highestweight A coming from geometricquantization of the coadjoint orbit

correspondingto t = (k + h)~ ~L + p). p ~ n/2 is the Weyl vector.
FieldshL(x) becomethe vertexoperators(in the fundamentalrepresentation)
[34].

Onemay attemptaquantizationof the model spaceMG, along similar lines
obtainingthe space

V ~ Vq,,~,, (4.8)
integrableA

whereVq,A is the spaceof the irreduciblerepresentationof the quantumgroup
Uq W) for q = eTh~/(k + h) of highestweightA coming from the quantizationof the

symplectic leafof G~correspondingto the conjugacyclassof e2~’~~”~‘(A+p)

Quantumfields g
0 becomethe Clebsch—GordancoefficientsofUq (~7)(quantum

3j-symbols).The spaceof statesof the chiral WZW model quantizingthephase

spaceFL would thenbe given by the sumof diagonalproducts

~

integrableA

Below, we shall realize the quantizationprogramfor the lattice regularization
of the WZW model usingthe free-field representationof the theoryratherthan
geometricquantization.

5. Free-field realization of the WZW model

The model space
M~~Gmay be realizedin termsof free fields which provide

Darbouxcoordinatesfor it. Let us describethe constructionfor the caseG =

SL(2,C). Parametrize:

(1 v(x)\ 1 1 0\ ~ 0 \
hL(x) = ~0 I ) ~w(x) 1) ~ 0 , (5.1)

wherev and to areperiodicand

ç~(x+ 2it) = ~(x) + 2mp

(T = p~).Put

/3 = v, ~ = e2’~0(e2’~’w)= 0?IY + 2i(0/)w. (5.2)

w may be recoveredfrom ~ andy:

x+2m

to (x) = (e4~”— 1 )e2’~~ / y(y)e2~’~dy.
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In terms of /, /3 andy,

QLI(h,r) = ~fdflAdy_ ~fd~A0(d~) +kdpAd~(0), (5.3)

so that the non-trivial Poissonbracketsare

{ql(x),ç~(y)} = (ir/2k)sgn(y—x),

{ç~(x),p}= 1/2k,

{y(x),/3(y)} = (2r/k)ô(x—y). (5.4)

For thefields, we obtain

h ( ) — ((H_H’)W(x) + fl(x)~’(x)~Q(x) fl(x)~’(xY~L x — ~(x)~Q(x)

((H_H_l)~ O\
x~ 1)’ (5.5)

where H e2’~”, W(x) e’~-~andthe integralof the screeningcharge

2r+x

Q(x) 11_I / y(y)W(y)2dy. (5.6)

The current

J = ~—hL0hj~dx

— k (—iOçb—fly —0/3+ 2i(0~)/3+ ~ d (57)

2m~ Y i0~+fly x.

As we see,M~ may be describedvia a classicalscalarfield ~ anda classical
fly system(essentiallya complexscalarfield). Both maybe quantizedin Fock
spaces.The quantumversionof (5.7) may be producedby Wick orderingthe
productsof free fields.Oneobtainsin this way Fock spacerepresentationsof the
Lsl(2) Kac—Moodyalgebra (the so called Wakimoto modules) [35]. The irre-
ducibleunitary representationsof Lsl(2) may be realizedin the cohomologyof
a complexof Fock spaceones,with the differential obtainedfrom various (reg-
ularized) powersof the integralQ of thescreeningoperator[36]. The quantum
versionof field hL (x) mayagainbe constructedby Wick ordering(5.5). For the
details,werefer to the original work [36]. A latticeversionof thisconstruction
will be presentedin sections7 to 9.

6. WZW theory on the lattice

Let us considerthe lattice cylinder 7 x 2 with identification (n~,n) ~
(n+ + N, n + N) (n+, n areintegervaluesofthelight-conevariablesx’). The
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following differenceequationis the latticecounterpartof the classicalequation
of motion (2.1) of the WZW theory:

g(n~,n)g(n~+ l,n)~ = g(n~,n — l)g(n~+ 1,n — 1)_I. (6.1)

Thespaceof solutionsmaybeparametrizedby thevaluesg (n,n) andg (n + 1, n)
ofthe latticefield g at two subsequenttime slices(the latticeCauchydata).The

generalsolutionhasthe form

g(n~,n) = gL(n~)gR(n)1, (6.2)

where

gL,R(n + N) = gL,R(n)yL,R, (6.3)

with YL = YR. Let ~tR denote the spaceof gL,R satisfying (6.3). Again, the
space of all solutionsof (6.1) is

pN = A/G,

whereA is the submanifoldof ~t x P
1~givenby the equationYL = YR. We shall

considerP~’with the Poissonbracketgiven by

{gL(n)l,gL(m)2} = gL(n)1gL(m)2r~,

{gL(n)t,gL(n)2} r~gL(fl)~gL(fl)~+ gL(n)1gL(n)~r,

{gL(n)1,yL2} = ~

{ YLI, YL2} = r+YLIYL2 — YLIr+yL2 — yL2r YL2 + YLIYL2r , (6.4)

wherein the first line + correspondsto n<> m, n — m~<N. P~hasthe Poisson
bracketof oppositesign. Thesetwo bracketsinduce a (local) Poissonbracket
on pN which for the Cauchydatatakesthe form:

{g(n, n)1,g(n,n)2} = [r, g(n, n)1g(n,n)2],

{g(n,n)1,g(m,m)2} = 0 for in ~ nmodN,

{g(n + l,n)1,g(n + l,n)2} = [r,g(n + l,n)1g(n + l,n)2],

{g(n + l,n)1,g(m + l,m)2} = 0 for m ~ nmodN,

{g(n,n)1,g(n + l,n)2} = —g(n,n)ig(n + l,n)2r~,

{g(n,n)1,g(n,n—l)2} = rg(n,n)1g(n,n—l)2,

{g(n,n)1,g(m + l,m)2} = 0 for m ~ n,n— lmodN. (6.5)

Latticeconformalsymmetry.The abovePoissonbracketson ~ and pN are

invariantundershifts
UL,R

gL,R() ~‘ gL,R(~+ 1). (6.6)
In general,if D : 2 —~ 2 is an increasingmap s.t. D(n + N’) = D(n) + N
(necessarily, N’ < N), then it inducesa Poissonmap

~ (6.7)
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These maps,of the form of decimation,constitutethe lattice versionsof the

conformaltransformations:on thelatticethe conformalinvarianceis expressed
as invariance underrenormalizationgroup type transformations.

Latticeloop groupsymmetry.GN actson F~by

gL(n)~-~h(n)’gL(n). (6.8)

This actiondoesnot preservethe Poissonstructureof P~but it becomesa
Poisson—Lie symmetry if we considereachcomponentof GN as a PL groupGr
with Poissonbracket (2.19). Let us recall that in the continuum,the current
J (k/27r)gL0g~’wasalmostthe momentmap for the loop groupsymmetry

of~L. Its Poissonbracketscorrespondedto the canonicalbracketon the dual
Lg of the centralextensionof the loopgroupLie algebra.Similarly, the lattice
versionof the current

J(n) = g(n + l)g(nY’ (6.9)

doesnot correspondto thePoissonbracketon (G~)“ as the momentmapfor
the PL symmetryG~shouldbut to its deformation:

{J(n)1,J(n)2} = r~J(n)1J(n)2 + J(n)1J(n)2r,

{J(n)i,J(n + 1)2) = —J(n + l)2r~J(n)1,

{J(n)i,J(m)2} = 0 if m ~ n — l,n,n + lmodN. (6.10)

GN with the Poissonbracket (6.10) describesthe semiclassicalobject which
correspondsto the lattice Kac—Moody algebrawhich was introducedin refs.
[23,24] andwhich we shalldenoteby KN below. We shall quantizethe lattice

WZW theorybasedon the representationtheoryof KN.

G~Poisson—Liesymmetry.Exactly as in the continuumcase,the map

X Gr ~ (gL,g) ~ gig ePt

gives a PL symmetryof Pt whosemomentmap is (locally) givenby the lift of
the monodromyye G to (y~,y) e G~.

Again as in the continuum,we may parametrize

gL(n) = h(n)e~g~ ~hL(n)g~’, (6.11)

where (h, t) arecoordinatesof the model spaceM~Nof the (semiclassicalver-
sion of the) latticeKac—Moodyalgebra/CN and (g0, z) of the model spaceMG,
introducedabove.The spaceof quantumstatescorrespondingto MxN will be

a discretesumof representationsof JCN and that correspondingto P~will be
a sum of their combinationswith irreducible representationsof the quantum
groupUq (a). The quantumhL (n) will bebuilt of vertexoperatorsof the lattice
Kac—Moody algebraKN andquantumchiral WZW fields g~(n) will combine
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hL(n) with the quantumg~ composedof Uq(g) vertex (or Clebsch—Gordan)
operators.The restof the present exposition will be devoted to the realization
of this programfor G = SL(2).

7. Lattice Kac—Moody algebra

The solutionsr~of the CYB equations may be quantizedin representations,
at least in somecases,to the solutionsR±of the quantum version of the Yang—
Baxter equation (without spectralparameter):

R~R~R~—R~R~R’ 71
12 13 23 — 23 13 l2~

R+ = F(R )‘P where P interchangesthe factors in the tensorproductand
= 1 + (l/i)r~ + O(k2). This may be done for example for the standard

r-matrix (2.17). For SL(2), with which, for simplicity, we shall work from now
on,

q’ 0 0 0

R~— 1/2 0 1 q~q 0—q 0 0 1 00 0 0 q~

q 0 00

R— —1/2 0 1 0 0 72—q 0 q—q’ 10 ‘ (.)
0 0 Oq

in the fundamental representation, q = ~ TheSL(2)-basedlattice Kac—
Moody algebra K,v [23,24] is an associative algebra with generators organized
into 2 x 2 matrices (n is taken modulo N),

J(n)E (J(n)ii J(n)
12~ E~N®Efld(C

2), (7.3)

\J(n)
21 J(n)221

suchthat

J(n)11J(n)22 — q’J(n)21J(n)12 = qI/
2 (7.4)

andwith relations

J(n)
1J(n)2 = R~J(n)2J(n)1R,

J(n)1J(n + 1)2 = J(n +

J(n)1J(m)2 = J(m)2J(n)1 form ~ n— l,n,n + 1. (7.5)

Noticethat the semiclassicalversionsof thoserelationsobtainedby expandingto
the leadingorderin k~ andreplacingthe commutatorby 1/i timesthe Poisson
bracket (of order k’) give relations(6.10).The conformal symmetry is realized
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on the level of lattice Kac—Moodyalgebras by “block spin” homomorphisms V
correspondingto increasingmapsD: 2 —~ 2 satisfyingD (n + N’) = D (n) + N:

~ J(n) ~ J(D(n + 1)— 1).. .J(D(n) + 1 )J(D(n)) C ~N. (7.6)

(Recallthat Diff~S’actsby automorphismson continuumKac—Moody alge-
bras.)

8. Free-fieldrepresentationsof JCN

As in thecontinuum,the latticeKac—Moodyalgebramay beexpressedby free

fields or ratherby their simpledeformations.The fields in questionaree(n)
(invertible) andB(n), F(n), which shouldbe thoughtof asf-lattice versionsof
the fieldse’~”~,/3(m) andy(en). Their defining relationsare:

e(n)e(n+ 1) = q1’2e(n + l)e(n),
qB(n)F(n) = q~F(n)B(n)+q—q’,
e(n)B(n) = qB(n)8(n),

O(n)B(n + 1) = q~B(n+ l)e(n),
9(n)F(n) = q’F(n)e(n),

e(n)F(n + 1) = qF(n + l)e(n). (8.1)

All other commutators are trivial. The first relation is a lattice version of the

u (1) currentalgebra.Thesecondequationis adeformationof thelocal oscillator
algebra.The rest introduces(essentiallyfor convenience)a twist in the tensor
productof the two algebras.

Let us assume that k is integer and consequentlyq2P = 1 wherep k + 2.
Let us also take, for convenience,N odd. Deformed free fields e, B and F
may be realizedin a finite-dimensionalspace1-1 with the basis kit) ® I~)where

= (1~o,(~2,~ ~5m C 24p~>I(~2m = 0, and s = (s
0,s1,...,SNI),

= 0,1, .. .,p —1. The even e(n) [except e(N— 1)] act diagonally,the odd
ones by shifts of~’s. B(n)’s are the lowering and F(n)’s the raising operators
for the parafermionic occupation numbers s,, <p. More exactly, the action of
field operatorsis given by the formulae:

= z2~q52m+1~2m ~2
2ftx)®Is) for2m ~ N—1,

— 1 )fty) ® s) = ~ ®

e(2m + 1 )ft~)® = ~ ®
B(n)I~) ® s) = (1- q~2S~)~~)®

F(n)I~)® js) = jc~)® js”) or 0 if s~= p — 1, (8.2)

where

= (t
0 — 1, ~ . . . , ~ ~

5N—i + 1)

= ~ ~~2m—2, ~2m + 1, ~2,n+2 — 1, ~~2m+4 t5N1 ) ,
S’ = (s

0 ~ — l’~+i’ ...,SNI),
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s” = (S~ s,,1,s~ + l,s~+i SNI).

z,,arearbitrarynon-zerocomplexnumbers.Theaboveformulaegive irreducible
representations of the free-field algebraJN. They arecharacterizedby the val-

ues of the Casimirs8(n)
4~ = Z~, and 11 q~I28(N— 1).. .8(1)8(0)

= q(N+l)/4fl Z~.

Now,the crucial fact is that thereexistsahomomorphismof the lattice Kac—
Moody algebra KN into .FN given by the following realizationof the generators
J(n) via freefields 0, B andF:

/ 0(n) + q’/28(n)’ —0(n)B(n) + q~/20(n)~

J(n) = xB(n+ l)F(n) xB(n± l)(l-F(n)B(n))

~ q’120(n ) 1F(n) q1/20(n )‘ (1 — F(n)B(n))

(8.3)

Expression(8.3) is the lattice version of the Wakimoto realization of Kac—
Moodycurrents(5.7). Due to homomorphism(8.3), eachrepresentationof the

algebra .FN inducesa representationof KN. In particular this holds for irreducible
representationsof .FN in the spaceN describedaboveso that N becomesa JCN
module.The lattice Wakimoto modulesobtainedin this way are irreducible if
fl ~ qr for integerr (thegenericcase). Forfl = qr we shall study their reducibil-
ity mimicking the cohomological constructions of ref. [36], whichextendedthe
original work of Felder [37] on free-field representations of the Virasoro algebra

to the caseof the Lsl(2) Kac—Moodyalgebra.

9. Lattice Bernard—Felder cohomology

We shall need an extensionof the free-field algebra.FN obtainedby adding
the invertible generatorof the zeromode‘-P(0) with the only non-trivial com-
mutators,

0(0)’P(0) = q~’2’P(0)0(0),
0(N — 1 )‘P(O) = q”2’P(0)0(N — 1),

B(0)q’(O) = q~P(0)B(0),
F(0)P(0) = q~’P(0)F(0).

With thezeromodeadded,wemayconstructthelatticefree-field vertexoperator
correspondingto continuume’~”~:

‘P(n) = 0(n_l)...0(l)0(0)LIJ(0) forn>0,

‘P(n) = 0(n)~ .. .8(2)’O(—l )~P(0)for n <0. (9.1)

Notice that

q’(n + N) = q~2fl~P(n)= q~12’P(n)fl.
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Let usgroup the lattice Wakimotomodulesinto families of 2p elementswith
0(n)4~fixedandfl= qrzwithzfixedandr = —p+ l,—p+2, ...,p.Within
a fixedfamily we shalllabelthemodulesasNqr accordingto the value of U. ‘P (0)
may be implemented(uniquelyup to normalization)as an operatorfrom Nq’

to Nqr_ I . We shall introduce the lattice versionof the integralof the screening
charge[compare (5.6)]:

n+N—l

Q(n) = fl1 ~ F(n)’P(m)2. (9.2)
m = n

Q(n) is nilpotent in the free-field representationswe consider:

Q(n)” = 0 (9.3)

[this essentiallyfollows from the samepropertyof F(m) 1. As a result,we have
the following complexesof vectorspacesfor r = 0, 1, . . . ,p:

0 . Nq-r ~ ~ , 0, (9.4)

0 .‘ Nq~~ Nq~~~ Nq’ 0. (9.5)

The importantpoint is that for the non-genericcasewhen Z = 1 (i.e., U is a
2pth root of unity) the mapsof the complexesare independentof the argument

n of Q andcommutewith currentsL(n) so that we obtain complexesof KN-

modules!Thesecomplexeshaveno middle cohomology. Weconjecture that the
remainingcohomology

Nq_r ~ kerQ” ~ Nq~/imQ”’, (9.6)

~ kerQr ~ Nq_~/imQ’, (9.7)

givesirreduciblerepresentationsof KN.

10. Vertex operators

Up to now, we haveconsideredonly latticecurrents.Weshall also needlattice
WZWvertexoperatorscorrespondingto classicalcontinuumfields hL (x) on the

model spaceM~of the Lsl(2) Kac—Moodygroup.We put [compare (5.5)]

h ( ) — ((fl_U~)’P(n) + B(n)’1’(n)1Q(n) B(n)’P(n)~ (101)L ~ — ‘P(n)~Q(n) ‘P(n)~

[We have omitted the matrix ((~4~_)_?) on the right hand side of (5.5)

sinceit becomessingular for U = + 1.] Two rows of hL (n) correspondto the
values+ 1/2of themagneticnumberoftheWZW vertexoperatorin the spin 1/2
representation.Thevertexoperatorsof higherspinsarepolynomialsof thosein

the fundamentalrepresentation.hL (n) havetwistedperiodicity,

hL(n + N) = q hL(n) 0 fl1 (10.2)
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Theyare relatedto the currentsby

hL(n + 1) = J(n)hL(n) (10.3)

andhavewith them the following commutationrelations:

J(n)IRhL(n), = hL(n)2J(n)l,
J(n)lhL(n + 1)2 = R~hL(n+ l)2J(n)1,

J(n)lhL(tn)2 = hL(ln)2J(n)I for in ~ n,n + 1. (10.4)

Clearly, the hL(n) act in ~~=—P+I Nqr. For the genericcase,when U is not a
2pth root of unity, the commutationrelationsof the hL(n) aregiven by

hL(n)lhL(?n), = hL(Fn)2hL(n)ID’(fl) for n.~m, fl— in~ <AT

hL(n)lhL(n)2 = R±hL(n)2hL(n)IDT(U), (10.5)

where the braiding matrices

0 0 0

0 l±(q~
2—l)U’’ +(q~2_l)UTI 0

x(U—U~)~ x(fl—fl’)1
D’(U) = q~”2 (10.6)

0 ~(q’2—l)U~ l~(q±2_l)UTl 0

0 0 0

andcoincidewith special61-symbolsof the quantumgroupUq(sl(2)) [38].

Forthe non-genericcaseZ = 1, the rowsof hL(n) inducethe following maps
between exact sequences of vector spaces:

~ Nq~ Nq~ ~ Nq

I I (10.7),
1,hL(fl)al JhL(fl)a2 JhL(fl)aI

Q~+I QP r I Q~+I qp—~ I
Nq -- Nq~+I Nq- I

forr=0,l p—land

Q~ Nq~ Nq’ Nq~

I (10.8)
JhL(fl)a2 JhL(fl)al ,jhL(fl)a2

Qr , QP ,+I Q~I

Nq_ + Nq~_ i “ Nq ,+~ . .

for r = 1, 2 p. All squaresin the abovediagramsarecommutative!Define
forr = 0,1, ...,p,

kerQ’~C Nqr, N~1_, Nq_r/ im Qr

Nq,/ifl1Q~r, N~_. kerQ/I_r C Nq~~ (10.9)
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(noticethe consistencyof thedefinitions).Thesearetheconjecturedirreducible
JCN modulesat U a 2pth root of unity. Notice that N~

0= N~ = {0}. Tracing
diagrams(10.7) and (10.8) onemay easilysee that the fields hL(n) act in the
spaces

r=~+1~’ and r=~+l~’~ (10.10)

Thesespacesquantizethe lattice model spaceM~N.

11. Free-field approach to Uq (sl(2))

The lattice Kac—MoodyalgebraICN is a close relativeof the quantumgroup

Uq(sl(
2)) with generatorsqriz2S3 S±andrelations

q2S3S+q_2S3 = q~2S~, [S~,S] = (q2S3 _q_2S3)/(q_q_1). (11.1)

Semiclassically, it was a deformation of the Nth power of thePoisson—Liegroup
SL(2)~and SL(2)~is a semiclassicalversionof Uq(sl(2)). In fact, ICN for N

changingfrom 1 to ~ interpolatesbetweenthe quantumgroupUq(sl(2)) and

the continuumKac—MoodyalgebraLsl(2) [23]. It is thenno surprisethat we
may realizethe representationtheoryof Uq (sl (2)) by deformedoscillators

qBF—q’FB=q—q’. (11.2)

(This is in fact nothingelsethat the realizationin termsof differenceoperators
[40,39].) All the algebraicconstructionsof sections7 to 9 may be repeatedin
this simplified context,which may serveasa goodintroductionto thefree-field
realizationof “(N. The matrix

(U(l—BF) —(fl—U~)B+flBFB 113

= q ~ U~+ flFB (
whereU, fl~ commutewith B andF, satisfiesthe quantizedversionof the
relations(2.21):

= R~y
2(R)~y1. (11.4)

Thesein fact arenothingelsethan relations(11.1) in disguiseas may be seen
by identifying y with the matrix

( q25
3 2S3 q(q—q~)S~ ~3

~ (q — q )Sq q(q — q ) SS~ + q2

B and F may be representedin thep-dimensionalspaceV with basis a), a =

0, 1, . . . , p — I, as parafermionicannihilationandcreationoperatorsactingas

B~a)= (1 _q_2a)~a_1),

F~a) = a + 1) or 0 if a =p— 1. (11.5)
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Via (11.3), we then obtain a p-dimensional highest—lowest weight Uq(sl(
2))

module.fl acts in it asmultiplication by a non-zeronumber. If U is not a 2pth
root of unity (the generic situation) then the module is irreducible. In general,
it is only indecomposable.

Weshall again group the Uq(Sl(2)) modulesinto familiesof 2p elementsVqr

with fl = q’~Z,r = —p + 1,—p + 2 p. Let usalso introduceanadditional

generator~ii s.t.

= qfl~, yiB = qB~i’, ~F = q’Fyi (11.6)

and Q UF~2. i,u and Q may be implementedin ~~=-p+I Vq~and then
QP = 0. In thenon-genericcase,whenZ = 1, we obtain complexes of 14 (sl(2))

modules,

0 _~ Vq-~~Vq~~4vq-~ .‘ 0, (11.7)

0 _~ Vqr Vq_~~Vq~—~ 0, (11.8)

exactin the middle. Let usdenotethe remainingcohomologyby

kerQ~’~C Vqr, V,~,_, Vq_r/ im QTh~,
V,’~’~EVqr/imQr, V,~,’_, kerQ]CVq_~, (11.9)

for r = 0, 1, .. . ,p. Notice that V~= V~’O= {0}. ~ ~ V~_,give the irreducible
highestweight representationsofUq(sl(2)) with spin S = —r/2 — 1/2 (i.e., the

highestweight vector is the eigenvectorof q253 with eigenvalueq2S).Similarly,
Vt’, ~ V~’_,give the irreducible highestweight representationsof /4(51(2)) of
spin r/2 — 1/2.

The/4 (sl(2)) vertexoperatorsare

go = (-W—fl’)w1 + BviQ B~i) (11.10)

andsatisfy

2 (fl 0 \
yg

0=qg0~0 fl_I)~ (11.11)

comparethe semiclassicalrelation (4.2). They act in ~~=—p+I Vq’ and,for the
genericcase,satisfy the commutationrelations

(g0)1(g0)2 = R~(go)2(go)1D~(flY~, (11.12)

or, for the inversematrices,

-1 ~ qB~ (flfl~’)~
1 (11 13)

= ~‘Q q(Un_I)y/_1qByJQ)
(g)

1(g)2=D~(flY~(g)2(g~)1R”. (11.14)

Also

(g0)1y2 = R~y2(R)’ (g0)1, (11.15)
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or

(g~’)1R~y2= y2(g~’)1R. (11.16)

Forthenon-genericcaseZ = 1, rowsof g0 definemapsbetweenexactsequences,

QP_,
Vqr . Vq-, “ Vq_, . .

I I (11.17)
~(go)al ~(g0)~,2

Q~+I QP~I Q~+I
Vqr+i .~ Vq— r— I .~ Vqr+ I

forr=0,l,...,p—land

~+ Vq’ ~ Vq~ ~ Vqr

I I I (11.18)
~(go)a2 ~(go),~1

Q’I QP’.+’ Q’I QP_,+I
V~_,+, .. V~_ . .

for r = 1, 2, .. . , p and,consequently,g0 may be definedasan operatoracting
in the spaces

r=~+1~’ and r=~+1~”~ (11.19)

It givestherethe quantum31-symbolsfor tensormultiplication with the funda-
mental representationof Uq (sl (2)). The matrix elementsof g~’act in similar

spacesbut with V~0andV~excludedfrom the direct sums [due to the factor

(fl—fl~Y’ontherighthandsideof(ll.l3)].

12. Quantization of the lattice chiral WZW model

From the classical expression (4.1) for the vertex—IRF transformation, we
should expect that the quantum field

gL(n) hL(n)g~’ (12.1)

composedof the vertex operatorsof the lattice Kac—Moody algebra
1CN andof

thequantumgroupUq (sl(2)) shouldgive the latticequantizationof theclassical
chiral field g~of the WZW model. Notice that this field actson the diagonal
product space

~Nqr®Vq’ (12.2)
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in the genericcasewhenU is not a 2pth root of unity andthat

gL(n + N) = q3/2gL(n)y, (12.3)

see(10.2) and(11.11). Moreoverrelations(10.5), (11.14)and (11.16) imme-
diately give the commutationrelations

gL(n)1gL(m)2 = gL(m)2gL(n)1R~ for n<>m, In—m~<N,
gL(n)1gL(n)2 = R~gL(n)

2g(n)1R,
gL(n)LR’y2 = y2gL(n)IR (12.4)

which, togetherwith (11.4),quantizeexpressions(6.4). In particularthe (quan-

tum) vertex—IRFtransformation,by combiningthe lattice WZW vertexopera-
tors hL(n) which havequantum61-symbolsasbraidingmatriceswith quantum
31-symbolsg~, producedchiral fieldsgL(n) with R’ braidingmatricesrealiz-
ing on the lattice the programof ref. [17].

In the non-genericcasewhenfi = qr in Nqr and Vq~,thereis a problem in

defining the right hand side of (12.3) becauseof the (U — U)~ factoron the
right hand side of (11 . 1 3), which divergeswhen U = + 1. Nevertheless,the
operatorsgL (n) arestill well definedon the diagonalproductspaces

—1 p—

1

~ ~ ~
r=—p+I r=1

—1 p—1

~ N~,® V~’~~ ~ 7~I~
1’~® V~, (12.5)

r=—p+1 r=1

sinceN~0= 7-l~’~= V~= V,~,’0 = {0}. gL(n) do not, however,satisfy on these
spacestheexchangerelations(12.4)! Thenon-genericcaseU = qr corresponds
to the valuesof the momentawhich appearin the unitary quantizationof the
continuumWZW theory [36]. There,oneexpectsexistenceof continuumlimit
chiral fields g~(x) acting in the space

k/2

~ N~,s® Vq2s+I

S=1/2

where NkS carries the irreducible highest weight representationof the Kac—

MoodyalgebraLsl(2) of level k andspin S (the doublingof the spinsin (12.5)
is dueto thefactthat the latticerepresentationsshouldgive rise to eitherhighest
or lowestweight modulesin the specificcontinuumlimit process).As noticedby
numerousauthors [41—43], the continuumfields violate the exchangerelation

gL(x)lgL(y)2 = gL(y)2gL(x)IR~’ for x~y, x —j1 <2~r, (12.6)

which require a biggerspace,containingalso non-unitaryLsl(2)-modulesin a
rathercomplicatedway. It would be nice to havea lattice realizationof such
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an extendedspacein which (12.6) would still hold in the non-genericcase.It
would be also desirableto understandwhethersomeunitarity conditionsmay

be usedto selectthe lattice quantizationof the chiral WZW model.
In the quantizedversionwith genericU, the classicalPoisson—Liesymmetries

of the phasespaceP~’of the lattice chiral WZW model becomequantumgroup
symmetries.On theonehand“(N actsin thespaceof statesby operatorsJ(n) =

gL(n + l)gL(nY1 with the fields satisfyingthe following covariancerelations:

J(n — l)igL(n)~ = R~g~(n)
2J(n— l)~,

J(n)lR~g~(n)2= gL(n)2J(n)1,

J(n)lgL(m)2 = g(m)2J(n)1 for in ~ n — l,n. (12.7)

Onemay expressthe covarianceof the fields also in the dual fashionby saying
that the map

gL(n) F-’ h(nY’gL(n)
generatesa homomorphismof the algebraof fields gL(n) to its tensorproduct
with the quantumgroup (SL(2)q)” [44], whosematrix generatorssatisfy the
relations

R~h(n)1h(n)2= h(n)2h(n)1R~

quantizingPoissonbrackets(2.19) andcommutefor different n.
Similarly, Uq(sl(

2)) acts in the spaceof statesvia the action of y. For the
genericcase,the covariancepropertiesof the fields areexpressedby (12.4) or,
dually, by saying that the map

gL(n) gL(n)g

generatesa homomorphismof the field algebrainto its tensorproduct with
SL(2)q.

The lattice conformal symmetry given by the increasingmapsD : 2 —+ 2,

D(n + N’) = D(n) + N, induces,by decimation

gL(n) gL(D(n)),

ahomomorphismof the field algebrasimplementedby mapsbetweenthe corre-
spondingspacesof states.It remains to understand whether somesort of lattice
Sugawaraconstruction [45] surviveson the lattice [it doesfor the u(l) case].
This is the principal openproblemof the latticeWZW theory.

In the aboveexposition,wehaveconcentratedon the left-moving part of the
WZW theory. The right-handedpiece of the lattice model may be constructed
in exactlythe sameway, replacingq by q’. The left—right spaceof statesmay
then be obtainedby combining the spacesof representationsof the left and
right lattice Kac—Moodyalgebrasas we combinedthoseof the left Kac—Moody
algebraandthoseof the quantumgroup. We leave the details as an exercise
to the reader.The quantumgroup symmetry of chiral modelsresidingin the
monodromyof thechiral fields disappearsfrom therealtheorywhich continues
to possessa pairof lattice Kac—Moodysymmetries.
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